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Numerous neutron scattering studies of bio-molecular dynamics employ a qualitative analysis of
elastic scattering data and atomic mean square displacements. We provide a new quantitative approach showing that the intensity at zero energy exchange can be a rich source of information of
bio-structural fluctuations on a pico- to nano-second time scale. Elastic intensity scans performed either as a function of the temperature (back-scattering) and/or by varying the instrumental resolution
(time of flight spectroscopy) yield the activation parameters of molecular motions and the approximate structural correlation function in the time domain. The two methods are unified by a scaling
function, which depends on the ratio of correlation time and instrumental resolution time. The elastic
scattering concept is illustrated with a dynamic characterization of alanine-dipeptide, protein hydration water, and water-coupled protein motions of lysozyme, per-deuterated c-phycocyanin (CPC)
and hydrated myoglobin. The complete elastic scattering function versus temperature, momentum
exchange, and instrumental resolution is analyzed instead of focusing on a single cross-over temperature of mean square displacements at the apparent onset temperature of an-harmonic motions.
Our method predicts the protein dynamical transition (PDT) at Td from the collective (α) structural
relaxation rates of the solvation shell as input. By contrast, the secondary (β) relaxation enhances
the amplitude of fast local motions in the vicinity of the glass temperature Tg . The PDT is specified
by step function in the elastic intensity leading from elastic to viscoelastic dynamic behavior at a
transition temperature Td . © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4816513]
I. INTRODUCTION

Neutron spectroscopy is a useful technique to address the
nature of fast structural fluctuations in bio-molecules and of
hydration water on a pico- to nano-second time scale. Useful summaries are given in several articles.1–5 To collect data
with sufficient statistical accuracy at low neutron flux covering the full spectral range is time consuming and involves
a complicated numerical analysis. This limitation is particularly relevant if a wide range of experimental parameters
such as temperature or solvent conditions have to be examined. Thus, numerous neutron scattering studies with biological background focus on the narrow elastic spectral range
at zero energy exchange, where the scattering intensity is
at the maximum.6–22 From the variation of the elastic intensity versus momentum exchange and temperature, mean
square displacements (MSD) are derived. A common qualitative explanation of dynamic processes occurring within the
bio-molecule approximates the MSD versus the temperature
by straight lines. The slopes are interpreted as force constants
and the cutting edge between the two slopes is assigned to onset temperatures of dynamic processes, Ton , depending on the
particular model.10, 16, 19, 20, 22
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The logic of this procedure is based on particle conservation and the fact that the total scattering power is only weakly
depending on experimental conditions: The total number of
scattered neutrons per time interval is constant, independent
of the scattering parameters. This gives rise to a sum rule,
which states that any decrease in the elastic scattering fraction is compensated by an equivalent increase in the inelastic
spectral area.23 This indirect approach to molecular motions
derived from the elastic intensity of the spectrum, which reflects the rigid aspects of the bio-molecule, seems counterintuitive. It is thus important to clarify both, the theoretical and
experimental basis of the information, which can be deduced
from the elastic intensity.
Dedicated elastic scans versus temperature using a fixed
energy window are easy to perform with back-scattering (BS)
instruments. This method has become quite popular, focusing
on the onset of an-harmonic motions in proteins, which is often identified with the “protein dynamical transition” (PDT).7
At the onset temperature Ton , where the time scale of molecular motions becomes comparable to the instrumental resolution time τ res , a drastic decrease in the elastic intensity is
observed.7, 24 The PDT derived from elastic scattering intensities has received several conflicting explanations.25 For instance, it was interpreted as a structural change of protein hydration water, leading to a fragile to strong cross-over in the
Arrhenius plot of the average relaxation times.26,23
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In a recent publication, Magazu et al.18 propose to use
this cross-over at various instrumental resolutions as a general
method (RENS), to determine the average relaxation time τ c 
versus the temperature Ton . Several theoretical studies discuss
the effect of instrumental resolution on the elastic intensity
and elastic mean square displacements.27–29
Our goal from the beginning was to reconstruct from the
elastic intensity the complete dynamic information. In two
publications 2001 and 2003, we have shown that room temperature protein dynamics can be derived from elastic scattering data using a method called ERS (elastic resolution
spectroscopy).30, 31 With ERS it was demonstrated that the restrictions, imposed by collecting data covering a limited spectral range, can be overcome by performing experiments at
any fixed temperature, while changing the instrumental resolution. The PDT could thus be studied at physiological temperatures: Two dynamic components were observed: (1) rotational transitions of methyl groups in hydrated myoglobin and
(2) water coupled structural fluctuations.30, 31 This is technically possible with current time-of-flight (TOF) neutron spectrometers by continuously varying the chopper speed: TOF
employs two chopper systems to select the wavelength of the
incoming neutrons and to analyze the energy transfer of the
scattered beam. So far, the ERS method was applied with the
TOF instruments IN5 (ILL in Grenoble) and V3 at the Hahn
Meitner Institute in Berlin.30,31
ERS yields, at least in principle, the same type of dynamic information as with a standard QENS (quasi-elastic
neutron scattering) setup. Some common properties with the
spin-echo technique are discussed in Ref. 31. Although the
QENS spectral analysis is to be preferred in standard situations, there are a number of properties which render ERS
attractive for special cases:
(1) For weakly scattering samples, only the strong elastic
intensity may be evaluated with sufficient statistical accuracy. Many biological samples are available only in
small quantities (mg), which exclude any spectral analysis with conventional QENS, requiring 100-200 mg.
Moreover, per-deuterated samples exhibit a much lower
cross-section than native molecules.
(2) Small dynamic changes as a result of structural transitions in bio-molecules will mainly affect the elastic intensity, where the total loss is concentrated, while the
gain in quasi-elastic intensity is distributed over the
noisy spectral wings.31
(3) In contrast to fixed resolution QENS, the ERS experiment is designed to systematically scan a wide range
of instrumental resolutions, meV to μeV, which is quite
useful to characterize complex spectra. With TOF-ERS
the instrumental resolution can be varied by nearly 3
decades with current spectrometers.
(4) The information is obtained directly in the time domain as an approximation of the “intermediate scattering
function,” which avoids the numerical Fourier transform
of noisy spectral data.
(5) Most elastic scattering experiments with bio-molecules
were performed as elastic scans versus the temperature using back-scattering instruments at fixed resolu-
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tion. The average relaxation time can be extracted from
the onset temperature Ton of the relaxation process.18
It will be demonstrated, that by fitting the complete elastic temperature scan, one can extract in addition the activation energy and the pre-exponential, if the shape of the spectrum is known.24, 25 Moreover, even the shape of the relaxation
time spectrum can be determined, if the temperature scans
are performed at two different instrumental resolutions. This
approach extends the range of application of classical TOFERS to back-scattering spectrometers. To explore the new
possibilities of back-scattering with ERS is one of the main
goals of this article. Finally, a variety of misconceptions exist
about the interpretation of elastic scattering intensities and the
derivation of atomic mean square displacements, which will
be clarified.25 We show how the PDT can be predicted on a
quantitative basis using solvent relaxation data.

II. THE RELATION BETWEEN ELASTIC (ENS)
AND QUASI-ELASTIC NEUTRON SCATTERING

In a standard QENS experiment, one collects spectral
data at fixed instrumental resolution until sufficient statistical accuracy, compatible with the allocated beam time, is
achieved across the low intensity spectral wings. In the ERS
experiment, one collects data with sufficient accuracy in the
high intensity elastic region for a much shorter time at a
particular resolution, which is then adjusted to a new value.
Fig. 1 shows an example of a QENS experiment, performed
at the NEAT time-of-flight spectrometer (BENSC, Berlin) at
a nominal instrumental energy resolution (full width at half
maximum (FWHM)) of 48 μeV.31

FIG. 1. Scattering function of alanine dipeptide at Q = 1.35 Å−1 (dots) taken
at an incident neutron wavelength of 8 Å and a chopper speed of 5000 rpm
(NEAT). Instrumental resolution FWHM: 0.048 meV, corresponding to a resolution time of 23 ps. The full line represents a fit assuming three spectral
components: (1) the narrow Gaussian spectrum represents the ERS fit to
derive the elastic intensity (dashed-dotted). (2) The broad Lorentzian spectrum (dashed) corresponds to the rotational motion of the methyl groups,
(3) the narrow line (dotted) suggests a further slow reorientational process
associated with the axis of the peptide.31 The arrow indicates the intensity at
ω = 3σ , which has to be subtracted from the elastic intensity at ω = 0 to
correct for the quasi-elastic scattering (Eq. (40)).
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A powder sample of alanine-dipeptide crystals was investigated, which is one of the simplest model systems with interactions resembling those occurring in proteins. The dynamic
spectrum, which has also been investigated by molecular dynamic simulations,51 is dominated by rotational motions of
two terminal (C- and N-) methyl groups and the methyl sidechain of alanine. The elastic intensity rises up to 110 units,
while the intensity of the broad quasi-elastic line reflecting
the rotational dynamics of methyl groups is lower by a factor
of 100 (note the logarithmic intensity scale). To collect data
of this quality requires typically 6 h of beam time with a large
amount (300 mg) of sample. For the elastic peak less than
30 min would be sufficient. Obviously, the chosen instrumental resolution is not adequate to map the broad quasi-elastic
spectrum of the three methyl groups. Moreover, the spectrum
contains an additional narrow quasi-elastic line, which is only
partially resolved by the spectrometer. This result illustrates
that the standard QENS approach with fixed resolution is not
optimal if the spectrum of relaxation times covers a wide
range.
In Sec. III, we discuss the theoretical background of incoherent elastic neutron scattering experiments.

III. THEORETICAL BACKGROUND OF ELASTIC
INCOHERENT NEUTRON SCATTERING (EINS)
A. Cross sections of hydrated proteins

Biomolecules are hydrogenous organic compounds. The
unique relevant isotope is thus the hydrogen atom, which exhibits the largest neutron cross section of all nuclei, 80.2 b
(1 barn (b) = 10−24 cm2 ). The total cross sections of carbon (5.56 b), oxygen (4.2 b), and nitrogen (11.5 b) are much
lower,32 which, for dehydrated native proteins, results in a
90% hydrogen scattering fraction.33 Water, the major solvent,
contains two hydrogen atoms per molecule. Due to the large
number of water molecules even in highly concentrated protein solutions, the total scattering cross section by water will
be overwhelming. This is one of the main reasons, why proteins are studied at low water content in a hydrated state instead of in solution. Deuterium (D) by contrast exhibits a
much lower total cross section than hydrogen (7.6 b). To investigate protein dynamics with neutron spectroscopy, H2 O
is often replaced by D2 O using hydrated samples or concentrated solutions. Another important point is the distinction
between two types of cross sections: (1) phase-preserving or
coherent cross section, σ coh and (2) phase-destructive or incoherent cross section, σ inc . The incoherent component results
from spin disorder, modulating the spin dependent cross section. The incoherent cross section of hydrogen (I = 1/2) interacting with neutrons (I = 1/2), which are randomly polarized
is much larger (80.26 b) than the coherent part (1.76 b). As a
result, scattered neutron waves, originating from different hydrogen atoms in the molecule interfere with random phases.
Only the “self-scattering” of waves originating from one and
the same nucleus shifted in time produce regular interference patterns on the detector. The self-scattering part thus reflects the single particle displacement in time and space, while
the coherent part derives from collective relative particle dis-
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placements. Diffusion and relaxation of density fluctuations
can be studied with incoherent scattering, while collective excitations, dispersion of phonons, can be observed only with
coherent scattering. Deuterium by contrast exhibits a coherent cross section of 5.6 b (similar to C or O), while σ inc
(D) = 2.04 b is 40 times lower than the value for hydrogen.
But it is incorrect to assume a factor of 40 (instead of 10) to
represent the ratio of protein to D2 O-scattering, ignoring the
coherent fraction originating from D2 O and the non-hydrogen
atoms of the protein.33 In the scattering experiment, one is
measuring the momentum exchange ¯ Q = ¯ (k − k0 ), the difference between the initial and final value of the wave vectors
k0 and k and the energy exchange E − E0 = ¯ω, between the
neutron probe and the molecules in the sample. The scattered
neutron flux js (θ , φ) is recorded in a particular direction with
momentum, k(θ , φ), covering a solid angle interval between
and + d and a frequency interval, between ω, ω + dω.
The neutron flux is given by j = n · v = n/m ¯ k [cm−2 s−1 ], in
terms of the number density of neutrons n [cm−3 ] and the neutron velocity v [cm s−1 ]. The scattered flux js (k,E) normalized
by the incident flux j0 (k0 , E0 ), solid angle- and the frequency
2
σ
interval, yields the double differential cross section ∂∂ ∂ω
. For
a single isotope like hydrogen, the double differential cross
section is composed of two parts originating from coherent
and incoherent scattering32, 34, 35
j
∂ 2σ
1
=
∂ ∂ω
j0 d dω
=

N k
[σcoh Scoh (Q, ω) + σinc Sinc (Q, ω]. (1)
4π k0

Scoh (Q,ω) and Sinc (Q,ω) are the coherent and incoherent
scattering functions related to the N atoms of a particular isotope in the sample. Note that the factor N appears in the numerator and not in the denominator as in Eq. (2.47) of Bee32
and Eq. (14) of Gabel et al.28 The ratio k/k0 appears in Eq. (1),
since the flux is proportional to the neutron momentum
¯k = mv, m denotes the neutron mass. Equation (1) implies
that a scattering function exists for each atom, while all atoms
are assumed to be dynamically equivalent. This is only correct if the environments are also equivalent. In the case of hydrated proteins, one has account for at least four different hydrogen environments: (1) the methyl protons (25% of the total
cross section), (2) other non-exchangeable side-chain protons,
(3) the exchangeable protons (NH or polar side chain protons), and (4) the hydration water protons. Apart from hydrogen, the coherent scattering from other atoms C, O, and N
have to be taken into account. One has to sum over the protons of different environments α for each nucleus of type β,
which yields instead of Eq. (1)

  β β  αββ 
N ·k 
∂ 2 σ tot
=
σcoh σcoh Scoh (Q, ω)
α,β
β
∂ ∂ω
4π · k0

β

+ σinc S αβ (Q, ω) .

(2)

To separate the coherent and incoherent scattering functions requires a polarization analysis of the scattered neutrons,
requiring special instruments. This type of experiment was
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performed only recently for several proteins and various solvent conditions over the relevant Q-range by Gaspar et al.33
The experiments demonstrate that about 80% of the scattering
cross section of D2 O-hydrated proteins is incoherent above Q
= 0.3 Å−1 , at lower Q-values however, coherent scattering
dominates. This result complicates the extrapolation of elastic scattering data to low Q values, required to derive mean
square displacements. In the following, we focus on the elastic incoherent part of the scattering function and specialize
first to a single class of protons, Sinc (Q, ω). This restriction
is given up in Sec. IV. At ω = 0, the spectral functions are
reduced to Sinc (Q, 0) = EISF(Q) δ(ω). δ(ω) is the δ-function
and the EISF(Q) denotes elastic incoherent structure factor.
From the EISF, one can deduce the spatial arrangement of dynamically accessible states. Note that a similar relation exists
for the coherent scattering fraction: Scoh (Q,0) = Scoh (Q) δ(ω)
where Scoh (Q) denotes the coherent structure factor.

across a distance r



Gs (r , t) =

d 3 r0 po (r0 )p(r0 , r0 + r, t).

Its Fourier transform at finite times denotes the selfintermediate scattering function Is (Q, t) according to Eqs. (3)
and (4)


r
3 −i Q
Is (Q, t) =
Gs (r , t)
.
(5)
d re
powder
32

Note that Eqs. (2.218) and (2.220a) of Bee use dr instead of
d3 r, which could be misunderstood as a displacement instead
of a volume element.
Often it is useful to split the intermediate scattering
function into a time-dependent component F(Q, t) with F(Q,
t→ ∝) = 0 and a time-independent part, the EISF(Q) according to
Is (Q, t) = [1 − EI SF (Q)] F (Q, t) + EI SF (Q) .

B. The elastic fraction versus elastic intensity
and the scaling function

Due to the nearly rigid native structure of bio-molecules,
where the position of most atoms within the molecule is confined to a narrow range, an intense elastic scattering profile
is produced. From the coherent fraction of the elastic scattering function of protein crystals, Scoh (Q), one determines
the 3D neutron structure of the molecule.36 A different kind
of information is obtained from the incoherent elastic scattering fraction, termed the “incoherent elastic structure factor,”
EISF(Q). In contrast to the coherent structure factor Scoh (Q),
which is dominated by inter-atomic correlations and average
positions, the EISF(Q) reflects self-correlations and thus fluctuations about the average structure. The incoherent method
profits from the large incoherent scattering cross section of
the hydrogen nucleus, which is about 10 times larger than
the combined coherent and incoherent cross section of carbon, nitrogen, oxygen, or deuterium. The total scattering cross
section of D2 O-hydrated proteins is thus dominated (80%–
90%) by proton-incoherent scattering.33 The contribution of
the deuterated solvent increases with concentration and may
eventually dominate the quasi-elastic spectrum due to its high
mobility. As opposed to single crystals, the samples studied in such incoherent scattering experiments are generally
isotropic: protein solutions, hydrated powders, or polycrystalline material. The incoherent structure factor is thus averaged covering all orientations of the molecules, which is
called the “powder average.”
Another important feature of the incoherent structure factor is the normalization at Q = 0, thus EISF(Q = 0) ≡ 1.
The EISF(Q) contains information about the geometry of single particle displacements as defined by the long-time selfdisplacement distribution function Gs (r,t)32, 34, 35



EI SF (Q) =
.
(3)
d 3 re−i Qr Gs (r , t → ∞)
powder

Gs (r,t), ignoring quantum effects, denotes the conditional
probability p(r0 , r0 + r, t), averaged over all initial positions,
r0 , that a particle has moved from r0 during time interval t

(4)

(6)

The EISF(Q) is also known as the “elastic fraction” of
the spectrum, since in the frequency domain it is the source of
elastic scattering. The complementary quantity 1 − EISF(Q)
= QEISF(Q) is often called the “quasi-elastic fraction” of the
spectrum taken in the frequency domain. The Fourier transform of Eq. (6) then reads
Sinc (Q, ω) = EI SF (Q) · δ(ω) + QEI SF (Q) · Sqel (Q, ω).
(7)
Sqel (Q,ω) is the quasi-elastic component of the spectrum, the
Fourier transform of F(Q, t). In the case of spatially unrestricted displacements, such as long range diffusion, G(r, t
→ ∞) vanishes at long times, thus EISFDiff (Q) ≡ 0. A liquid can be discriminated dynamically from a solid, where the
molecules are localized, by the glass form factor fc (Q)
EI SF (Q)
⎧
⎨ fc (Q) = 0
=
⎩
fc (Q) > 0

liquid state : long range diffusion
.
solid or glassy state : localized motion
(8)

The liquid-glass transition then reveals itself by an abrupt
change of fc = 0 to a finite value > 0 at a particular temperature Td .37–39 Three further corrections need to be taken into
account: Sinc (Q, ω) has to be convoluted (*) with the vibrational spectrum Svib (Q, ω). Since the oscillations are fast and
generally well resolved, the vibrational correction reduces to
a multiplication of the spectrum with the vibrational Debye
Waller factor
tot
(Q, ω) = Sinc (Q, ω)∗ Svib (Q, ω)
Sinc

≈ exp(−Q2

2
xvib
) · Sinc (Q, ω) .

(9)

 xvib  denotes the 1D vibrational mean square displacement. Second, we deal only with single scattering, assuming
that the cross-section is low enough to ignore multiple scattering. This implies that the transmission of the sample must
be larger than 90%.52, 56
Third, Sinc (Q,ω) has to be convoluted with the instrumental resolution function.
2
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FIG. 2. (a) Temperature dependent intermediate scattering function I(Q,t) of hydration water (hydrated myoglobin 0.35 g/g) deconvoluted from the instrumental
resolution with τ res ≈ 12 ps at Q = 1.8 A−1 . The displayed data are the result of a numerical Fourier transform of S(Q, ω), which denotes the difference
spectrum of H2 O- and D2 O-hydrated myoglobin (IN6, ILL, Grenoble). (b) The resulting elastic fraction REISF (t = τ res ) versus the temperature (arrows) is
also shown.

Taking into account the finite instrumental width, ω,
useful information is obtained only up to a maximum observation time τ res ≈ 1/ ω. Instead of the EISF(Q) of
Eq. (3), one measures a resolution dependent elastic fraction
REISF(Q, τ res )

REI SF (Q, τres ) =



d 3 re−i Qr Gs (r , t ≈ τres )


.
powder

(10a)
Thus, an excess elastic fraction, REISF(Q, τ res ) −
EISF(Q) ≥ 0, is produced due to apparently localized particles, if the particle displacements are probed with insufficient resolution. The resulting resolution-limited displacements will then appear finite even for unconstrained motion.
The apparent elastic fraction REISF(Q, τ res ), as a function of
t = τ res , contains the full dynamic information equivalent to
the powder-averaged intermediate scattering function I(Q, t).
From Eqs. (6) and (10a), it follows that
REI SF (Q, τres ) ≡ Is (Q, t = τres ) .

(10b)

Fig. 2(a) shows an example of a de-convoluted intermediate scattering function of protein hydration water adsorbed
at myoglobin versus time and temperature. The instrumental resolution time of the TOF spectrometer IN6 at the ILL
in Grenoble was τ res ∼
= 15 (±2) ps. The spectra were initially collected in the frequency domain, then the data were
Fourier-transformed numerically to the time domain.1, 40 The
result was finally de-convoluted from the instrumental resolution function. Fig. 2(b) shows the resulting values of the
apparent elastic fraction REISF(Q = 1.8 Å−1 , T) = Is (Q, t
= τ res = 12 ps) at different temperatures. The non-vanishing
value of Is (Q, t ∼
= τ res ) produces a finite apparent elastic fraction. The derivation of the apparent elastic fraction REISF
requires a complete inelastic, model-dependent analysis, separating elastic from quasi-elastic spectral components, followed by the de-convolution of the spectra from the instrumental resolution function. The elastic fraction is thus different from the elastic intensity.

We have demonstrated, however, within the framework of
“elastic resolution spectroscopy,” that, at least approximately,
the same dynamic information can be extracted from the elastic intensity at ω = 0, which is taken directly from the spectrum without a sophisticated spectral analysis.
TOF and back-scattering experiments are performed in
the frequency domain. It is then straightforward to record
the intensity of the scattering function Sinc (Q, ω) at ω =
0 as Iel (Q) = Sinc (Q, ω = 0). The true spectrum is generally convoluted with the instrumental resolution function
R (ω, ω), where ω parameterises the resolution width. Energy resolved neutron scattering experiments thus yield a frequency dependent scattering function SR (Q, ω, ω = 1/τ res )
according to
 ∞
SR (Q, ω, ω) =
dω R  (ω − ω , ω)Sinc (Q, ω). (11)
−∞

Equivalently, one can write Eq. (11) as a Fourier transform of
the respective functions in the time domain
 ∞
1
SR (Q, ω, ω) =
dte−iωt R(t, τres ) · Is (Q, t),
2π −∞
(12)
where the time-domain resolution function R(t, τ res = 1/ ω)
plays the role of a cutoff in Eq. (12) beyond τ res . The symmetric elastic scattering function, corrected for detailed balance,
is then given by

1 ∞
SR (Q, ω = 0, ω) =
dt · Is (Q, t/τc ) · R(t/τres ).
π 0
(13)
After a change of variables in Eq. (13), one can write the
elastic scattering intensity in terms of a scaling function FR (x)
= FR (τ res /τ c ) according to


τres
.
(14)
SR (Q, τres , τc ) = τres · FR Q,
τc
To explore the ERS function FR (Q, τ res /τ c (T)), one can
thus either vary τ res or the temperature dependent correlation time τ c (T). A closely related scaling condition for
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temperature scans, ensuring that τ res and τ c are the only relevant time scales, was proposed by Wuttke.41
In a typical experiment, one normalizes the elastic scattering function by its value at Q = 0 or by the elastic scattering intensity of the same sample, recorded at a sufficiently low
temperature, where quasi-elastic scattering is negligible, thus,
Is (Q, t = τ c (T)) ≡ 1. The measured spectrum is then identical with the instrumental resolution function. The resulting
normalizing elastic intensity is given by the integral of the
resolution function in the time domain

1 ∞
dt R(t, τres = 1/ ω, θ ).
(15)
SR0 (Q, 0, ω) =
π 0
In practice, the resolution function can depend on the
scattering angle θ .
The elastic intensity SR (Q,0) is then interpreted in terms
of the average observation time τ res  defined by
 ∞
τres  =
R (τres , t) dt = π · SR0 (ω = 0, ω) . (16)
0

Analogously, the integrated time-dependent part F(t) of
the intermediate scattering function yields the average relaxation time of the respective process
 ∞
τc  =
F (t)dt = π · Sqel (ω = 0).
(17)
0

Sqel (ω = 0) denotes the elastic intensity contributed by
the quasi-elastic spectrum of a molecular process F(t) with
F(t→∞) = 0. For a liquid in the “hydrodynamic regime,”
one has: Sqel (Q, 0) = 1/(π Ds Q2 ), where Ds denotes the selfdiffusion coefficient of the liquid. Note that in this case the
extrapolation of the elastic intensity to zero Q diverges. The
elastic intensity thus reflects a “dynamic” property, since it
varies between the average resolution time τ res  at low resolution and the average correlation time of the molecular process τ c  at high resolution. Equations (16) and (17) assign a
precise meaning to average correlation times including nonexponential relaxation functions. The relevant experimental
quantity is a properly normalized elastic intensity Iel N (Q, τ res )
combining Eqs. (14) and (15)
IelN (Q, τres ) = SR (Q, 0, ω)/SR0 (Q, 0, ω).

(18)

The central idea of ERS is then to derive the approximate
intermediate scattering function Is (Q, t = τ res (T)) from the
properly corrected elastic intensity versus the resolution time
Is (Q, t = τres ) = REI SF (Q, τres ) ≈ IelN (Q, τres ).

(19)

The REISF(Q, τ res ) differs from IN el (Q, τ res ), since the
latter includes a quasi-elastic intensity at ω = 0, while the
former only records the true elastic intensity. This difference,
usually ignored in elastic scattering studies, will be small only
for a small ratios τ res /τ c .
C. The Lorentz-Lorentz (LL) model

We first consider the simple case of a double exponential
decay and thus Lorentzian spectra for both, resolution- and
relaxation function. The integrand on the right hand side of

FIG. 3. Lamb-Mössbauer factor of 57 Fe in 100% glycerol42 and myoglobin
in 75% glycerol water45 and simulations according to the Lorentz-Lorentz
model of Eq. (20b): τ res = 142 ns, EISF = 0, τ c (T) for α-relaxation19, 46 and
β-relaxation (red).19 The rates of the perfect fit, dashed line, differ by less
than a factor of two from the bulk α-relaxation rates.46

Eq. (13) then has the following form:


t
IR (Q, t) = QEI SF (Q) · exp −
τc


t
+ EI SF (Q).
· exp −
τres

(20a)

This yields for the normalized elastic intensity Iel NLL (Q)
1
+ EI SF (Q).
1+τres /τc (T )
(20b)
QEISF = 1 − EISF and τ res −1 = ω denotes the halfwidth of the Lorentzian resolution function. A useful application of the LL model is the Mössbauer effect. Elastic Mössbauer resonance absorption spectra of 57 Fe are often cited in
the context of neutron elastic scattering and the PDT.42–44
Here, τ res = τ N = 142 ns, denotes the nuclear lifetime of
the 57 Fe nucleus. Fig. 3 displays the Lamb-Mössbauer factor (LMF) of 57 Fe in 100% glycerol (ferro-cyanide) and of
myoglobin in 75% glycerol. For τ c (T) in Eq. (20b), we insert the Vogel-Fulcher (VFT) fits of the α-relaxation of 75%
glycerol45 and of 100% glycerol.19, 46 The only fit parameter
required is the temperature coefficient of the vibrational displacements of the Debye-Waller factor (2.3 × 10−3 /K). The
LMF is well reproduced by the α-process of the solvent: For
57
Fe in 100% glycerol, the rate is only slightly smaller than
the bulk rate. The secondary (β) relaxation, however, taken
from Ref. 19 (Fig. 1), does not reproduce the LMF-data of
100% glycerol. This example shows that from elastic scans
IelNLL (Q, τres , τc ) = QEI SF (Q)
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alone one can derive the relevant dynamic information, if the
assumptions are justified. However, this kind of resolutiondependent analysis was never applied to proteins in this field.
It was assumed instead that the drop in elastic intensity implies a true increase in motional amplitudes.43 The topic of
temperature dependent elastic scans will be treated in greater
detail in Sec. III D. For small values of τ res  τ c , one can
expand Eq. (20b) to give
IelNLL (Q, τres ) ≈ QEI SF (Q) · (1 − τres /τc ) + EI SF (Q)
≈ QEI SF (Q) · exp(−τres /τc ) + EI SF (Q).
(21)
For n multiple exponential processes (τ ci ), one has in the
limit of τ res  τ ci
IelNLL ≈ EI SF (Q) + QEI SF (Q) · τc  /τres

(22)

with τ c  = 1/n τ i , the average correlation time of resolved
multiple processes, if τ res is sufficiently large. From the steplike decrease of the elastic intensity above a certain temperature, one can define a cross-over temperature Td by τ res
= τ c where the elastic intensity due to this process is reduced
by a factor of two. If the temperature-dependent relaxation
time can be approximated by τ c (T) = τ 0 exp( H∗ /RT), one
obtains from τ res = τ c (Td )25


τres
∗
H = RTd ln
(23)
τ0
and from Eq. (20b) one has the interesting relation for the
slope at Td
d NLL
1 H∗
QEI SF (Q).
Iel (Q, Td ) =
dT
2 RTd2

(24)

Equations (23) and (24) yield the activation energy H∗
and the pre-exponential τ 0 if QEISF(Q), as a consistency
check, is determined from the data at different Q values.
D. The δ-correlated resolution function and
T-dependent ERS

Since the ERS scaling function FR (Q, τ res /τ c ) (Eq. (14))
depends only on the ratio τ res /τ c , one can derive the respective
dynamic information at fixed resolution, by varying τ c (T,ηs )
with temperature and solvent viscosity η.24, 25 Following
Ref. 24, we discuss the special case of a δ-resolution function, R(t, τ res ) = δ(t − τ res ), where the difference between
elastic fraction and elastic intensity vanishes. It can be used
to simulate real experiments with Gaussian resolution functions as shown below. The corresponding Fourier transform
to the frequency domain is then given by

1 ∞
1
cos(ω · t) · δ(t − τres )dt = cos(ω · τres ).
R  (ω) =
π 0
π
(25)
If Eq. (25) is inserted into Eqs. (12) and (13), it follows
that the elastic intensity, recorded in the frequency domain

equals the elastic fraction at τ res
1
1
Is (Q, τres ) = REI SF (Q, τres ).
π
π
(26)
Recording the elastic intensity at variable instrumental
resolution in this case solves the full dynamic problem: one
can map out the complete intermediate scattering function in
the time domain.
In super-cooled liquids and other complex materials such
as proteins, the relaxation function is generally composed of
multiple dynamic components. As a model of heterogeneous
relaxation, the stretched exponential or Kohlrausch function
is frequently applied
SR (Q, ω = 0, ω)δ =

IK (Q, t) = (1 − EI SF (Q)) · exp(−t/τc )β + EI SF (Q).
(27)
β ≤ 1 denotes the stretching exponent.
Fig. 4(a) shows the Kohlrausch function on a time scale
normalized to the structural relaxation time τ c (T). With decreasing β, the time decay broadens by fast and slow components compared to the mono-exponential case of β = 1. The
relaxation functions coincide independently of the shape of
the relaxation time spectrum and β, at t/τ c = 1. The average
relaxation time is obtained from τ c  = β −1 (β −1 ) τ c . Elastic scattering experiments are often performed using backscattering at fixed instrumental resolution by varying instead
the temperature. Fig. 4(b) shows the resulting temperaturedependent elastic intensity REISF(τ res , τ c (T)) from Eqs. (26)
and (27).24 . For the correlation time τ c (T), an Arrhenius law
with an activation energy of 17 kJ/mol and a pre-factor
τ0 ∼
= 10−13 s was assumed, which is typical of protein hydration water. τ res was set to 2 ns typical for back-scattering
spectrometers (HFBS, SPHERES, IN16). All curves coincide
at the dynamic transition temperature Td independent of β
at REISF(Td ) = 1/e, while the onset temperatures Ton , which
are commonly used to identify the dynamic transition temperature, vary strongly with the stretching exponent and thus the
shape of the relaxation time distribution. This complication
is avoided, if the transition temperature is by Td instead of
Ton , where the elastic intensity has decayed to 1/e of its initial
value. The final plateau value, the EISF has to be subtracted.24
If this step, describing the cross-over from elastic to viscoelastic structural behavior, is solvent-induced, we call it a “dynamical transition”7, 24 in analogy to the glass transition of the
bulk solvent.
E. Gaussian resolution functions and Voigtian spectra

The resolution function of most neutron time of flightand back-scattering spectrometers is rather well approximated
(except the low intensity spectral wings) by a Gaussian.
For exponential relaxation, a Lorentzian spectrum convoluted
with a Gaussian resolution function is recorded which results
in a Voigtian spectral line-shape V(ω,σ ,γ )
 ∞
dω G(ω , σ )L(ω − ω , γ ),
(28)
V (ω, σ, γ ) =
−∞

G(ω, σ ) = √

1
2π σ

exp(−ω2 /(2σ 2 )),

(29)
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FIG. 4. (a) Kohlrausch intermediate scattering function at different stretching exponents β on a reduced time scale, τ c (T) denotes the temperature structural
relaxation time. (b) Resulting elastic intensity according to Eqs. (26) and (27) at fixed resolution time τ res = 2 ns. For τ c (T), an Arrhenius law was assumed τ 0
= 10−13 s and H∗ = 17 kJ/mol. The transition temperatures Ton and Td are indicated by arrows. The dotted line illustrates the effect of a Gaussian resolution
function for β = 1.24

γ
1
L(ω, γ ) =
,
π ω2 + γ 2

connecting τ res and
(30)

with γ = 1/τ c .
The defining integral (28) can be evaluated in closed form
1
V (ω, σ, γ ) = √
Re {erf (z)} .
2π σ

(31)

Re{erf(z)} denotes the real
√part of the complex the error function with z = (ω+ iγ )/(σ 2).
Substituting the definition of the complex error function
into (31) yields
V (z) = exp(−z ) · erf c(−iz),
2

(32)

where erfc(z) denotes the complementary error function. We
are interested in the special case of elastic scattering at
ω = 030, 31
√
1
V (ω = 0, σ, γ ) = √
exp(γ 2 /(2σ 2 ) · erf c(γ / 2σ ),
2π σ
(33)
which, if inserted into Eq. (18), leads to the following normalized elastic scattering intensity:
√
IelNG (Q, σ ) = 2π σ · V (0, σ, γ ) · QEI SF (Q) + EI SF (Q).
(34)
With this equation, one can fit experimental data of normalized elastic scattering intensities taken as a function of
the instrumental resolution time τ res . Since erfc(x) · exp(x2 )
≈ exp(−x) for x  1, an exact short time expansion of I(Q, t)
is obtained, if we choose the time scale by t = τ res .
TOF and BS spectrometers provide dynamic information
in the frequency domain, recording the energy exchange E
= ¯ω between neutrons and sample atoms. The width of the
resolution function at FWHW is commonly given in energy
units, EG FWHM [meV]: From Eq. (33), one derives a relation

EG FWHM 31
√
τres = 1/( 2σ ),

(35)


EFGW H M = 2¯ (2 ln 2)σ,

τres = 2¯ ln (2)/ EFGW H M ≈ 1.1ps/ EFGW H M [meV].
(36)
Combining Eqs. (35) and (36) yields for the average relaxation time at Ton
τc (Ton ) ≈ 5τres = 5.5ps/ EFGW H M [meV].

(37)

Fig. 5 shows the relaxation times τ c (Ton ) (red open
squares) of protein hydration water of lysozyme and cphycocyanin (CPC) that we have determined based on
Table I and experimental onset temperatures (Eq. (37)) assuming exponential relaxation. This is compared to the data
for lysozyme of Chen et al.26 (blue) and the RENS results by
Magazu et al.16–19 (red squares). Error bars were estimated by
accounting for uncertainties in determining Ton and the resolution of the spectrometers. The ERS data agree with the
RENS results and those of Chen et al.26 at 270 K.
Our τ c (Ton ) data, however, show no sign of a dynamic
cross-over at 220 K. The same conclusion was obtained in
our previous dynamic analysis of D-CPC hydration water.
The respective average relaxation times of hydration water
TABLE I. List of instrumental resolution parameters.
Instrument
SPHERES (Munich)
HFBS (NIST)
IN10 (Grenoble)
IN13 (Grenoble)
IN6 (Grenoble)

E(FWHM) [μeV] τ res [ns] Ton [◦ K] τ c (Ton ) [ns]
0.62
0.85
1.0
8.0
100

1.8
1.3
1.1
0.138
0.011

215 ± 5
220
220
240
270

8.9
6.5
5.5
0.69
0.015
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FIG. 6. ERS correlation functions calculated as integral transforms
(Eqs. (28) and (29)) of a Lorentzian spectrum using the following G(ω) kernels. Full line: Fourier kernel, exponential function, dashed-dotted: Gaussian kernel (Eq. (33)), ERS function, dashed line: modified Gauss-kernel,
RG: corrected ERS function according to Eq. (40). Black dots: ERS data
of hydrated myoglobin (rescaled by a factor 20) and (open squares) alanine
dipeptide.31

FIG. 5. Arrhenius plot of average hydration water relaxation times: blue
circles: hydrated lysozyme (QENS, Chen et al.26 ), red squares: lysozyme
RENS (Magazu et al.16–18 ), open red squares: corrected RENS, lysozyme
(this work), open squares: D-PC (QENS, Doster et al.47 ), diamonds: DNMR myoglobin (Vogel et al.48 ), open triangles: dielectric relaxation,
myoglobin (Swenson and Jansson49 ), full triangles: protein relaxation rate
(myoglobin),47 green hexagons: myoglobin (ERS and Mössbauer effect),
dashed line: τres instrumental resolution (HFBS) (blue dots). Full line: VFT
fit, H∗ = 7(±1) kJ/mol, τ 0 = 6.5(±2) × 10−13 s, TVFT = 140(±10) K,
dashed: Arrhenius law, elastic scan of Fig. 7: H∗ = 17 kJ/mol, τ 0 = 1 ps,
TFST : fragile to strong transition temperature.

are shown as open squares in Fig. 5,47 consistent with Dnuclear magnetic resonance (NMR) results of Vogel et al.48
and with dielectric relaxation data.49 The lower RENS values
result from the assumption of exponential relaxation, the difference would disappear assuming a stretching exponent of
β = 0.5, since τ c  = τ c /β. More detailed comments on the
RENS approach were published by Wuttke.41

F. The ERS-Gauss approximation of the
intermediate scattering function

The ERS function (Eqs. (33) and (34)) approximates the
intermediate scattering Is (Q, τ res ) at short times (τ res ≤ τ c )
rather well. However, the long-time decay follows a power
law ∼ (τ res /τ c )−1 , τ c  τ res . The origin of this discrepancy is
the dominating contribution of the fully resolved quasi-elastic
spectrum at zero frequency.31 With the ERS-TOF method, it is
however easily corrected for, since generally complete (noisy)
spectra are recorded: The quasi-elastic intensity of the spectrum outside the central elastic line at the non-zero frequency
ω = π σ is subtracted from the elastic signal at ω = 0. Instead
of Eqs. (28) and (31), one considers the corrected Voigtian
Vc (σ, γ ) = V (ω = 0, σ, γ ) − V (ω = π, σ, γ ) .

(38)

In mathematical terms, the subtraction of the Gaussconvoluted spectrum at finite frequency from the elastic line
simulates a Fourier-like resolution function in Eq. (25) with
RG (ω,σ ) ≈ cos(ω/σ )31
 ∞
G
Iel (Q, σ, γ ) ∝
dω · RG (ω, σ )S(Q, ω, γ )
−∞


≈

∞

−∞

dω · cos(ω/σ )S(Q, ω, γ ),

(39)

which yields with Eqs. (25) and (26)
RG (ω, σ ) = G(ω, σ ) − 0.5G(ω − π, σ ) − 0.5G(ω + π, σ ).
(40)
RG approximates the Fourier kernel cos(ω/σ ) quite well in the
central frequency range as shown in Ref. 31.
Fig. 6 compares an exponential intermediate scattering
function Is (t) with the ERS function of Eq. (34) (EISF = 0).
The approximation works well at short times.
Also shown is the corrected ERS function based on
Eqs. (38)–(40), which yields a reasonable approximation of
Is (t) particularly at long times. Also shown are rescaled experimental data on hydrated myoglobin and alanine dipeptide.
The exponential model approximates the data at short times
only due to a finite EISF(Q). The comparison illustrates that
the differences between the intermediate scattering function
and its ERS approximation are within the experimental noise.
The Fourier-like kernel and the δ-correlated resolution function, which was assumed in Sec. III D, are well approximated
experimentally with RG of Eq. (40).
IV. DISCUSSION OF EXPERIMENTAL RESULTS
A. Activation parameters and relaxation time spectra
from back-scattering ERS

In Sec. III C and Fig. 3, it was shown how to determine the activation parameters from elastic temperature scans
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= τ 0 · exp( H∗ /RT). The curves shown in Fig. 7 refer to two
values of the stretching exponent: β = 1 (long dashed) yields
the activation energy of 17 kJ/mol and a pre-exponential of
10−13 s. The full line, β = 0.5, yields an activation energy of
H∗ = 33 kJ/mol (dashed 35 kJ/mol, to show the sensitivity)
and a pre-exponential of τ 0 = 10−15 s. Fig. 5 compares the
Arrhenius plot of τ c  derived from the elastic scan (dashed
line) with values deduced from of a full dynamic analysis. The
Arrhenius law approximates the data quite well in the vicinity
of τ res ∼
= τ c in the temperature range Ton , Td .
Using the above stretched exponential model and an
Arrhenius law to get identical elastic intensities Iel (T) for
β < 1 with respect to β = 1, the following condition has to
be obeyed:
FIG. 7. Elastic scans of protein hydration water at Q = 1 Å−1 : full circles: CPC with 0.3 g/g H2 O (full circles) at a resolution of τ res ≈ 2 ns (SPHERES),
normalized at T0 = 100 K, open squares: H2 O-hydrated myoglobin at a resolution of 0.1 ns (IN13), lines: fits to the stretched exponential model of Eq.
(27) including a vibrational Debye Waller factor at β = 0.5 (full line) and 1.0
(dashed). The temperatures Ton and Td are indicated by arrows. The parameters are given in the text.

 
β 
exp(−τres /τc (T )) = exp − τres /τcβ (T ) .

(41a)

For the respective activation energies, this implies
Hβ∗ =

H1∗ /β,

(41b)

for the pre-exponential, one has
at fixed resolution. In this section, we investigate the effect of performing such experiments at different instrumental resolution. Table I lists the resolution parameters of several back-scattering spectrometers. The respective resolution
times cover a narrow range near 1 ns. To expand the time window, one includes TOF instruments or varies the temperature
instead.
Fig. 7 illustrates how this concept of temperaturedependent elastic scans is applied to study the dynamics of
protein hydration water, H2 O-hydrated per-deuterated phycocyanin (C-PC).24, 47 The per-deuteration of the protein emphasizes the scattering fraction of protein hydration water. The resolution time of the back-scattering spectrometer
SPHERES (JNCS, FRM2) was approximately τ res ≈ 2 ns.
The elastic scattering intensity was normalized to its
value at 100 K. The decrease in elastic intensity between 100
and 200 K is determined by the vibrational Debye–Waller
factor of the protein-water system. The extra loss above the
onset temperature Ton ≈ 220 K can be attributed to an increasing resolution of the diffusional motions of hydration
water.40, 47 The genuine elastic scattering, ≈0.25 estimated
from the high temperature plateau and spin polarized elastic scattering experiments,33 is dominated by the powder
averaged coherent structure factor Scoh (Q) of the protein
structure. For mobile H2 O, one expects EISF(Q) = 0. After
corrections for S(Q) and the vibrational component, one derives from the 1/e value of the elastic intensity Td ≈ 255 K.
At this temperature, the correlation time of hydration water
τ c coincides with τ res ≈ 2 ns. This agrees quite well with the
result of the full spectral analysis in Fig. 5.47 For a precise definition of Td , the complete transition curve is required and not
just the onset, in particular the plateau at high temperatures
needs to be established. Instead of focussing on a single temperature, in practice one performs fits of the complete PDT
transition curve. For the narrow range of the transition, we
assume an Arrhenius law for the average correlation time: τ c

β

τ01 (T ) = (τres )1−β τ0β

(41c)

to yield the same elastic scan Iel (τ res , T). Equation (41c) describes the relation between the fitted pre-exponentials for β
= 1 and β < 1, which depends on the resolution time τ res .
Thus, fitting elastic scans performed at different instrumental resolution opens the possibility to get an estimate of
the stretching exponent β: The pre-exponential will be independent of the resolution time only for the correct β-value,
assumed to be temperature independent.
Fig. 7 also shows an elastic scan of myoglobin hydration
water performed at a resolution of 140 ps. Using the parameters derived for CPC hydration water at a different resolution
leads to a reasonable fit of the data only for β = 0.5. The
predicted curve for β = 1 cannot account for the data.
The value of β cannot be deduced from elastic scan experiments performed at a single resolution. The width parameter and the activation parameters are then degenerate. Multiple scans performed at several instrumental resolution times
can solve the problem.
In conclusion, the temperature dependent ERS analysis with back-scattering instruments, if properly performed,
can yield the full dynamic information comparable to quasielastic scattering: (1) temperature dependent average relaxation time including pre-exponential and activation energy of
the Arrhenius law, (2) the width parameter of the relaxation
time spectrum, (3) the EISF and the vibrational Debye-Waller
factor, (4) to achieve the same information using QENS much
more beam time would be required, since at each temperature a high-quality quasi-elastic spectrum would have to be
recorded.
The main assumption behind the temperature-dependent
ERS analysis is the time-temperature superposition principle
requiring a molecular mechanism, which is continuous with
the temperature.
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FIG. 8. ERS elastic intensity, Iel N (Q, τ res ) of D2 O-hydrated myoglobin, (h
(D2 O) = 0.35 g/g protein, mMb = 25 mg) normalized to data at 150 K at different Q, (IN 5 Grenoble) versus reciprocal Gaussian line-width of the resolution function, τres = 2¯/σE . Full lines: two-exponential Voigtian fit according
to Eq. (34). For comparison, ERS data with alanine-dipeptide (open circles,
NEAT, Berlin) of Fig. 10 are displayed, which reflect the methyl group rotation of the side chain.21, 22
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FIG. 9. Chemical structure of the alanine dipeptide with the flexible backbone dihedral angles φ, ψ as indicated. We label the C-terminal blocking
group, Ac, the alanine residue as Ala, and the N-terminal blocking group as
NHMe.

olution, the high temperature PDT. A full elastic analysis of
methyl group rotation in myoglobin was published in 2005.2

C. ERS-TOF analysis of alanine dipeptide (ADP)
B. The protein dynamical transition at room
temperature from TOF-ERS

1. Alanine dipeptide
(N-methyl-L-alanyl-N-methylamide)

In contrast to back-scattering spectroscopy, where the
resolution is essentially fixed, TOF spectroscopy can cover
a wide range from τ res ≈ 1 ps to several hundred ps. The
Gaussian energy resolution (FWHM) of the TOF spectrometer IN5 can be calculated from EG = 273 400/(λi 3 · S)
[meV Å3 rpm]. The energy width decreases strongly with increasing incident wavelength, however, in parallel the flux
and the accessible Q-range decrease. Since only the elastic
intensity is of interest, one can further increase the signal by
running the chopper, which prevents frame-overlap, in phase
with the frame setting choppers (ratio 1 instead of 2 or 3).
When the frame overlap becomes significant even in the elastic region (> 10 000 rpm), it is possible to correct for it.31
The restriction to the elastic region makes it feasible to use
long wavelengths and high chopper speeds, which would be
impractical for conventional QENS. Table II of the supplementary material57 shows a possible ERS setup with the corresponding parameters of flux, Q-range, and energy resolution
for IN5. This setup can be used for nearly all TOF spectrometers. In the first ERS experiment at IN5 with 25 mg of D2 Ohydrated myoglobin,30 the chopper speed was varied between
1000 and 20 000 rpm. Wavelength of 5, 8, 12, 16 Å were chosen. The corresponding energy resolution varied from 5 to
500 μeV, covering about 2 decades. The data reveal two timeand Q- dependent processes covering two and a half decades.
The fast process could be assigned to methyl rotation, the
second process is assigned to water-coupled libration of side
chains (Fig. 8). The ERS method thus provided the first assignment of a spectral component to methyl group rotation
in proteins at room temperature.30, 31 Instead of observing the
“onset” of methyl rotation at 100 K,50 one can study the respective dynamics at physiological temperatures. This applies
in particular to the solvent induced elastic decrease versus res-

CH3 –CONH–Cα H(Cβ H3 )–CONH–CH3 is one of the
simplest model peptides and serves as a paradigm to theoretical studies.51 Its chemical structure is displayed in Fig. 9.
This peptide contains many structural features, which are typical of a protein backbone: flexible dihedral angles (ϕ and ψ),
the presence of multiple CO and NH units for H-bonding and
a pendant side chain methyl group. The N- and C-terminal
groups have low rotational barriers (∼3 kJ/mol) and perform diffusive motions on pico-second time scale. The barrier
for the side-chain methyl group is larger (∼7.5 kJ/mol). In
Fig. 1, the conventional quasi-elastic spectrum of alanine
dipeptide crystal is displayed, observed with the TOF spectrometer NEAT at BENSC (Berlin). The data illustrate the
problem of observing two processes with very different correlation times simultaneously using a single instrumental resolution. In the present case, a compromising relatively high
resolution of 47 μeV (FWHM) was chosen. Ideally, one
should have performed two quasi-elastic experiments at 20
and 100 μeV to characterize the two processes accurately.
This requires merging spectra derived at different instrumental conditions. Instead of choosing two resolutions, one could
vary the resolution continuously within a wide range and save
beam time by focusing on the elastic intensity as discussed
above. In the particular case of alanine dipeptide, the chopper speed was varied between 1000 and 10 000 rpm at three
wavelengths 5, 8, and 10 Å. A maximum of 20 000 rpm can
be achieved. This procedure required about 12 h of beam time
for 300 mg of sample including vanadium standard experiments. The ERS function (uncorrected) is shown for three Qvalues in Fig. 10. From the scattering cross-section, one can
predict the EISF(Q) for the three methyl groups. The dashed
line reflects the ERS prediction due to rotational transitions
of three methyl groups. The analysis shows that both, the
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FIG. 10. ERS intermediate scattering function of alanine dipeptide at 300 K
versus the TOF resolution time (NEAT, BENSC Berlin) at various Q.22
The dashed lines represent the combined correlation function of the three
methyl groups accounting for the appropriate cross-sections. The full line at
Q = 1.35 Å-1 denotes the Fourier transform of the QENS result of Fig. 1, the
arrow indicates the QENS resolution time. The full line at Q = 2.3 Å-1 implies exponential relaxation in comparison with the ERS function (dashed).
Adapted from Ref. 31.

terminal and the side chain methyl groups, rotate on a picosecond time scale ∼2 ps at 300 K. The full line at Q = 1.35
Å displays the Fourier transform of the fit of the quasi-elastic
spectrum shown in Fig. 1. The frequency and the time domain
data agree reasonably well, however, the ERS function decays
further at long times below the value predicted for fully resolved rotational transitions. Thus, a second process with a
characteristic time of 20 (±3) ps must exist, which is partially
resolved in the QENS data as a narrow line in Fig. 1. This
result suggests a reorientation of the methyl group rotational
axis due to dihedral angle transitions. In model calculations,
we obtain rather large angular changes ∼40◦ . For comparison of the two methods, we also perform a temperature dependent elastic scans of ADP at fixed resolution (∼140 ps)
shown in Fig. 11. The elastic scattering function at the particular Q-value was calculated based on the cross-sections
and partial scattering functions of the three methyl groups
(Eq. (2)). Four dynamic components are required to account
for the data. The dashed line with only two dynamic components does not agree with the data. The respective onset
temperatures Ton are indicated by arrows.
The analysis shows that the C- and N-terminal methyl
groups of ADP (Ton ∼
= 50 K) are not equivalent as was assumed in early MD simulations.51 The rotational transition
times are deduced from an Arrhenius law according to τ c =
τ 0 exp( H∗ /RT). This yields for the terminal groups Ton ∼
=
50 K, H∗ = 2.5 and 4.2 (±0.2) kJ/mol with a common preexponential τ 0 = 0.1 ps. For the side chain, we fit Ton ∼
= 150
K, H∗ = 9.1 (±2) kJ/mol. The structural relaxation process with Ton ∼
= 200 K yields H∗ = 14 (±1) kJ/mol. The
temperature coefficient of the vibrational Debye Waller factor is 0.0014 Å−2 /K at Q = 4.2 Å−1 . The vibrational mean
squared displacement of ADP crystals at 300 K then amounts
to  x2 vib = 0.024 (±0.002) Å2 . Onset temperatures in the
range of 50-100 K are typical of acetyl methyl groups. Such
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FIG. 11. Normalized elastic scattering intensity Iel NG (Q = 4.3 Å-1 ,
τ tres = 137 ps) of alanine dipeptide crystal powder (back-scattering spectrometer IN13, ILL, Grenoble) and a 4-component fit (Eq. (34), red line) accounting for the fast C-(Ac) and N-(NHMe) terminal blocking methyl groups (Ton
∼
= 50 K), the side chain methyl(Ala) (Ton ∼
= 150 K), and the dihedral transitions (Ton ∼
= 210 K). To show the sensitivity of the fit, the dashed line accounts for Ac and the Ala methyls only. The arrows indicate the location of
the respective Ton values.

side chains do not occur in proteins but sometimes in buffers:
acetate is often contained in commercial protein preparations
and needs to be carefully removed from sample preparations.
For protein methyl side chains, we determined the average
activation energy of 10 (±2) kJ/mol55 slightly larger than the
dipeptide side chain. Most interesting is the new structural relaxation process, which is assigned tentatively to transitions
of the dihedral angles as the only remaining flexible part of
the molecule.

D. Elastic intensity and mean square
displacements (MSD)

A common practice of the EINS method is to determine
atomic mean square displacements from the Q-dependence of
the elastic intensity. The displacements then carry the time
tag of the instrumental resolution.1–4 The correct method is
to evaluate the EISF(Q) and Eq. (3) and not just as usual the
elastic intensity. Expanding the isotropic EISF(Q) in the low
Q-limit yields the long time MSD2
1
EI SF (Q → 0) = 1 − Q2  r 2 ω=0 + O(Q4 ).
3

(42)

The time resolved MSD by contrast follows from the
low Q expansion of the intermediate scattering function of
Eq. (5)2

 
 t) = 1 − 1 d 3 r(Q
 r )2 G (r , t) + O Q
 4 . (43)
Is (Q,
2
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Performing the isotropic average and keeping only terms
up to Q2 yields
Is (Q, t) = 1 −

1 Q2 2
r (t) + O(Q4 ).
2 3

(44)

The MSDs derived in the time domain at long times,
Eq. (44), thus differ from those determined in the frequency
domain by a factor of two
2 r 2 ω=0 = r 2 (t → ∞).

(45)

The displacements in the time domain r2 (t→∞) reflect the full width at half maximum of EISF(Q), while the
“elastic” displacements  r2 ω=0 are determined experimentally from the half width of EISF(Q) for positive Q-values.
In addition, one has  r2 ω=0 = 3  x2 ω=0 in the isotropic
case. The pre-factor is thus not a matter of convention, as often assumed.
In the low Q-limit, the displacement distribution is Gaussian for localized processes, which yields for the elastic fraction (Eq. (10a))


1 2 2
REI SF (Q, τres , T )Q→0 = exp − Q r (τres , T ) .
3
(46)
For exponential relaxation, one obtains from Eq. (46)
2
· (1 − exp(−τres /τc )),
r 2 (τres )Q→0 ∼
= r∞

(47)

where r2 ∝  denotes the displacement at infinite time. Timeresolved displacements of protein hydration water were first
published in 1996.2, 40 It is common practice to approximate
the elastic fraction by the elastic intensity. The latter is used to
determine displacements ignoring the quasi-elastic contribution at ω = 0. This approximation is valid only for the initial
decay (onset region) of the elastic intensity implying, τ res /τ c
< 1. Then Eqs. (46) and (47) can be expanded to give in the
low Q-limit
2
IelN (Q → 0, τres ≤ τc ) ≈ 1 − Q2 r∞
· τres /τc .

(48)

Equation (48) could be interpreted as the hydrodynamic limit,
where the squared displacements increase linearly with time
up to the final long time value.
Experimentally, one determines the approximate 1Ddisplacements in the frequency domain from the slope of the
elastic scattering curve extrapolated to low Q values2, 25
1
∂ ln Iel (Q)
 r 2 ω=0 ≈ −
Q → 0.
3
∂Q2

(49)

No pre-factor is involved on the right hand side. In practice,
there are complications due to coherent scattering contributions, multiple scattering, deviations from Gaussian behavior, and instrumental artifacts rising at low Q.52 Due to these
problems, the MSD values determined by different authors
are sometimes incompatible.
By contrast, our method relies on the Q-dependent elastic
intensity, which does not require an extrapolation to low Q.

FIG. 12. Apparent 1D mean square displacements of 100% glycerol and
lysozyme in glycerol 50:50 at high Q: blue squares: glycerol,53 red circles: lysozyme/glycerol,19 and at low Q: open squares: partially deuterated
glycerol,54 open circles: lysozyme/glycerol 50:50,11 red line: myoglobin total MSD of Fig. 13.

E. Qualitative MSD analysis: Solvent slaving of
lysozyme in glycerol

Most publications in this field focus on MSD plots versus
temperature and the determination of Ton. A recent example
by Capaccioli et al.19 is reproduced in Fig. 12. It compares
temperature dependent MSDs of partially deuterated glycerol
with those derived from a 50:50 mixture of lysozyme and perdeuterated glycerol (red circles and blue squares). The MSD
values of both, bulk solvent and protein solution, superimpose
perfectly across the entire temperature range, suggesting that
protein structural fluctuations are “slaved” by bulk solvent.
This is quite remarkable since the mobility of these molecules
is quite different: glycerol is a highly mobile liquid above
the glass temperature Tg and can perform long range diffusion, while protein residues are confined by covalent bonds.
The apparent displacements of glycerol thus increase with decreasing wave vector Q in contrast to those of localized protein side chains. Reference 19 does not reveal, how the MSD
values in Fig. 12 were actually generated. It is however unlikely that the MSDs of lysozyme/glycerol represent Q-values
below 1 Å−1 according to Eq. (49), since the superimposing
MSDs of partially deuterated glycerol by Wuttke et al.,53 were
derived from the instrument IN13 at much higher Q ≈ 3-5
Å−1 . Otherwise, this should lead to diverging results, since the
elastic scattering functions are not Gaussian within the entire
Q-range. Moreover, glycerol is a liquid, which does not exhibit genuine elastic scattering: The Gaussian approximation
is thus neither valid at high nor at low Q-values. This suggests
that both MSDs were determined in the same (high) Q-range
and reflect the same type of motions. A different MSD set of
the same lysozyme-glycerol sample, determined at low Q (below 1 Å−1 ), was published by Tsai et al.,11 and is also shown
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(open squares) in Fig. 12. Moreover, Fujara et al.54 have
determined the respective low-Q MSD values of the same
glycerol sample shown by open squares in Fig. 12. The lowQ MSDs of lysozyme and glycerol also superimpose rather
well, but differ significantly from those taken at high Q.
Fujara et al.54 terminate their evaluation at 260 K, where
the α-relaxation of the solvent becomes noticeable in the
spectrum. Thus, Ton (α) ∼
= 260 K at this resolution with τ res
∼ 100 ps. The art of qualitative analysis is now to guess a
proper onset temperature and to attach a physical meaning to
it. Capaccioli et al.19 deduce from their high Q data two onset temperatures around 220 and 270 K. Ton (1) is attributed
to a primitive relaxation related to the glass transition at Tg
∼ 180 K and Ton (2) is assigned to a resolved secondary (β)
relaxation above 270 K, which they call Td . The α-relaxation
does not play any role in their concept. This view does not
agree with our results of the Mössbauer LMF for glycerol
in Fig. 3, which prove the relevance of the main relaxation.
Moreover, the low Q-data clearly demonstrate the emergence
of motional amplitudes around Tg ∼
= 180 K, which we have
previously identified with fast β-relaxation.24 Ton (2) around
270 K is attributed by us to the α-relaxation of the solvent
crossing the time window of the spectrometer. This view is
compatible with the interpretation of Fujara et al.54 of their
EINS data of glycerol. The puzzle, why the two MSDs of
protein and solvent superimpose, remains. One should keep
in mind the 20% contribution of per-deuterated glycerol to
the total cross-section of the 50:50 mixture even if the protein is fully dissolved. Increasing the protein concentration11
enhances the vibrational MSDs, due to a change in the crosssections and a larger methyl group contribution of the protein.
F. Quantitative analysis of protein-solvent
displacements: Hydrated myoglobin

Fig. 13 displays the MSD(T) of D2 O-hydrated myoglobin
at h = 0.35 g/g (red line in Fig. 12).2, 3, 25 The linear temperature range, reflecting vibrational motion, extends up to Ton
≈ 170 K. Then the MSD increases more rapidly due to resolved rotational transitions of side chains.2, 7 The second onset, Ton (140 ps) ≈ 240 K by contrast, depends on the degree
of hydration and was thus assigned to water-coupled collective motions, the PDT.7 The collective displacements due to
the water coupled component have been separated from rotational transitions of side chains and are also shown in Fig. 13.
For comparison, we also plot the displacements of the heme
group in myoglobin crystals, recorded with Mössbauer spectroscopy at τ res = 142 ns.43 The onset temperature is located
at Ton (142 ns) ≈ 200 K, 40◦ less than Ton (τ res = 140 ps) derived from neutron scattering. In the literature, the two onsets are taken synonymously as the signature of the PDT irrespective of different time scales and the different probes. That
both effects reflect one and the same process has never been
demonstrated convincingly. With our elastic scattering analysis one can now elucidate, whether both methods probe the
same process of protein-water structural relaxation at different time scales. The mean square displacements are calculated
from scans of the elastic intensity assuming a Gaussian scattering law at low Q.

J. Chem. Phys. 139, 045105 (2013)

FIG. 13. Mean square displacements of hydrated myoglobin (IN13, ILL),
red dots: total displacements (proton), including methyl group rotation, τ res
≈ 140 ps, green dots: hydration dependent collective displacements (methyl
groups subtracted), blue dots: heme iron of myoglobin (crystals) from Mössbauer LMF, τ res = 142 ns. Lines are fits to a model of a common proteinwater relaxation process assuming an Arrhenius law for τ c  compatible with
the data in Fig. 5: H∗ ∼
= 20 kJ/mol and τ 0 ∼
= 1 ps.

For τ c (T), we insert the average relaxation time of hydration water displayed in Fig. 5. The average relaxation time is
sufficient to reproduce the MSDs, no distribution is required.
The results, shown in Fig. 13, suggest indeed that both types
of displacements, heme group and collective protein fluctuations, couple to motions of the hydration shell on the same
time scale.2, 3, 25, 47 The resulting average correlation times at
the respective onset temperatures 240 K and 200 K are 1.4 ns
and 2 μs. These values are plotted in Fig. 5 as green hexagons
and fit in very well with those resulting from a spectral analysis of neutron scattering, NMR, and dielectric relaxation.
The matching correlation times of protein hydration water and
water-coupled protein motions suggest a common mechanism
of protein-water visco-elastic relaxation.2–4 The PDT is thus a
special case of the well-known “time-temperature superposition principle,” which states that relaxation functions, taken at
different temperatures, can be superimposed after renormalization of the structural relaxation time by the solvent viscosity at the particular temperature.37–39 The relaxation time
of hydration water observed with neutron scattering increases
with Q as τ c (Q) ∼ Q2 at low Q, the signature of translational
diffusion.2, 3, 40 The main structural relaxation is thus dominated above 220 K by α-relaxation, local β-processes would
exhibit a Q-independent time constant.
V. CONCLUSION

The scaling analysis of elastic neutron scattering data,
if properly performed, can provide the full dynamic information equivalent to a spectral analysis. A prerequisite is
to include the complete elastic scattering function versus
temperature, momentum exchange, and instrumental resolution. The ERS method is more powerful than the qualitative RENS approach, where only cross-over temperatures
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are considered. The latter is restricted to a narrow temperature range, where structural relaxation time and instrumental
resolution time coincide. With back-scattering spectroscopy,
temperature-dependent elastic scans at fixed resolution can be
performed, while with TOF, the instrumental resolution can
be varied by at least two decades. Both methods are equivalent since the dynamic scaling function depends on the ratio of
τ res /τ c (T,η,. . . ). Temperature-dependent scans are quite popular, but the advantage of changing the resolution within a wide
range has not been fully explored. The elastic method might
be especially useful if only small or per-deuterated biological
samples are available or if a wide range of experimental parameters has to be scanned. The ERS thus complements the
conventional QENS method without implying a full spectral
analysis.
For the model protein, alanine dipeptide, the complete
intermediate scattering function based on elastic experiments
at fixed temperature was deduced. The terminal and the sidechain methyl groups rotate on a pico-second time scale under
conditions of tight packing in the crystal. This suggests that
methyl side chains will perform rotational transitions in proteins also on this time scale at room temperature. Even more
revealing is the respective temperature dependent elastic scan
at fixed resolution. The three methyl groups thus exhibit different rotational barriers in the crystal. Most interesting is a
third slow process, assigned to rotational transitions in the
dihedral angles, observed with both methods. These results
have important implications to understanding protein dynamics and the interpretation of neutron scattering spectra. Elastic scans performed at different instrumental resolution with
hydrated proteins yield the activation parameters and the relaxation time spectrum of water coupled motions. The protein dynamical transition is best characterized by a step in
the elastic intensity at Td , which is induced by the solvent
(Figs. 2, 3, and 7). It specifies the dynamic cross-over from
truly elastic to viscoelastic structural behavior (α), depending on the probe frequency. The PDT as an elasticity transition should not be confused with the “onset of an-harmonic
motions.” The an-harmonic onset denotes a precursor of the
PDT around Tg specified by an increasing amplitude of fast
open-closed hydrogen bond fluctuations above the harmonic
level (Fig. 12 at low Q).2, 24 This result differs from those of
Capaccioli and Ngai,19, 20 which call the process around Tg
“primitive relaxation” and attribute Td to a local process of
the Goldstein-Johari type.
More intense neutron sources will make it possible in the
near future, to routinely collect complete inelastic spectra of
biomolecules. The “elastic fraction” in addition to the “elastic
intensity” is then directly accessible as an important source
of dynamic information. But the elastic intensity remains a
useful and practical measure of structural displacements, if
its limitations are properly understood.
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